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Motivation

Consider the following propositions (where “⊃” represents implication):
∀x. ∀y. edge(x, y) ⊃ edge(y, x)
∀x. ∀y. edge(x, y) ⊃ path(x, y)
∀x. ∀y. ∀z. edge(x, y) ⊃ path(y, z) ⊃ path(x, z)
One way to think of these propositions is as rules in a bottom-up logic program. This gives
them an operational meaning: given some known set of facts, a bottom-up logic program uses rules
to derive more facts. If we start with the single fact edge(a, b), we can derive edge(b, a) by using
the first rule (taking x = a and y = b), and then, using this new fact, we can derive path(b, a)
by using the second rule (taking x = b and y = a). Finally, from the original edge(a, b) fact and
the new path(b, a) fact, we can derive path(a, a) using the third rule (taking x = a and y = b,
and z = a). Once the only new facts we can derive are facts we already know, we say we have
reached saturation — this will happen in our example when we have derived edge(a, b), edge(b, a),
path(a, b), path(b, a), path(a, a), and path(b, b). Bottom-up logic programming is a very simple
and intuitive kind of reasoning, but it has shown to be an elegant and powerful way of representing
and solving a large number of problems, especially in the field of program analysis (see [18] for a
number of references).
Next, consider the following proposition:
∀x. ∀y. path(x, y) ⊃ ¬edge(x, y) ⊃ noedge(x, y)
Intuition says that this is meaningful. In our example above, we can derive path(a, a), but we
can’t possibly derive edge(a, a), so we should be able to conclude noedge(a, a). A bottom-up logic
programming semantics based on stratified negation verifies this intuition. In a stratified logic
program made up of the four previous rules, we can derive all the consequences of the first three
rules until saturation is reached. At this point, we know everything there is to know about facts of
the form edge(X, Y ) and path(X, Y ). When considering the negated premise ¬edge(x, y) in the
fourth rule, we simply check the saturated database and conclude that the premise holds if the fact
does not appear in the database.
Stratified negation would, however, disallow the addition of the following rule as paradoxical
or contradictory:
∀x. ∀y. path(x, y) ⊃ ¬edge(x, y) ⊃ edge(x, y)
Why is this rule problematic? Operationally, the procedure we used for stratified negation no
longer really makes sense: we reached saturation, then concluded that there was no way to prove
edge(a, a), then used that conclusion to prove edge(a, a). But we had just concluded that it wasn’t
provable! Stratified negation ensures that we never use the fact that there is no proof of A to come
up with a proof of A, either directly or indirectly. However, stratified negation is an odd property:
the program consisting of the single rule ¬prop1 ⊃ prop2 is stratified (we consider prop1 first,
and then we consider prop2), and the program consisting of the single rule ¬prop2 ⊃ prop1 is
1
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also stratified (we consider prop2 first, and then we consider prop1), but the two rules cannot be
combined as a single stratified logic program. This sort of problem is a large part of the reason
why giving a general and proof-theoretic justification for stratified negation has been elusive.
This report considers the proof theory of a logical system, constructive provability logic, that
we believe can be used to give a complete and satisfying justification for stratified negation in
logic programming. However, logic programming will be used in this report only as a motivating
example — the precise relationship between this logic and stratified logic programming will be
left for a future paper.

1.1

Foundations, formalization, and Agda

It is always the case that the proof theory of a logic needs to be formalized using some metalogic
— usually some assumed and largely informal notion of set-theory-based mathematics that admits,
at minimum, induction. Any consistency results for the logic are obviously premised upon consistency of the metalogic; worrying about consistency of the metalogic is generally filed under the
label “foundational issues.” However, as we will see, in constructive provability logic the metalogic is interwoven with the proof theory in a way that is mostly foreign outside of dependent type
theories,1 making these sorts of foundational issues quite a bit more relevant. As a result of this
concern, all the systems and theorems in this paper have been formalized in the dependently typed
programming language Agda [10]. The code from this formalization is available online at XXX.

2

A judgmental introduction

We will introduce constructive provability logic in a manner consistent with Pfenning and Davies’
judgmental reconstruction of modal logic [13] (itself an interpretation of Martin Löf’s 1983 Siena
Lectures [9]). This section is not intended to be a complete introduction to the judgmental methodology, and we refer readers to the aforementioned papers for a more complete discussion.
The judgmental methodology carefully maintains a separation between propositions (which we
write as A, B, etc.) and judgments J. Propositions are syntactic constructs that are built up from
some set of atomic propositions (edge(a, b) is an example of an atomic proposition) using connectives (implication A ⊃ B, conjunction A ∧ B, and disjunction A ∨ B are examples of connectives),
and judgments are things that are proved using rules of inference. In this methodology, given a
proposition A we can talk about giving a proof of the judgment A true (i.e. “proving that A is
true”) or perhaps giving a proof of the judgment A false (i.e. “proving that A is false”), or even the
judgment that A is true at some specific time t. It isn’t really meaningful to “prove A” — if we say
such a thing, we usually mean it as shorthand for proving that A is true.
A hypothetical judgment J1 , . . . , Jn ` J (where the sequence of Ji are called the antecedents
and J is called the consequent) roughly expresses that the judgment that J has a proof if we
assume that there are proofs of the assumptions J1 , . . . , Jn . However, a hypothetical judgment
does not necessarily have a set meaning; rather, we define the meaning of a hypothetical judgment
1

One exception is Zeilberger et al.’s recent work on higher-order focusing [7, 19].
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by defining three things: (1) a hypothesis rule, (2) a weakening principle, and a (3) a substitution
principle. These should ideally flow naturally from our preexisting understanding of what the
hypothesis rule should mean. A rich family of logics (we call these the structural logics) obey a
common set of principles (we use Ψ as an abbreviation for J1 , . . . , Jn ):
Definition of the hypothetical judgment in structural logics:
— Hypothesis rule: If J ∈ Ψ, then Ψ ` J.
— Weakening2 principle: If Ψ ⊆ Ψ0 and Ψ ` J then Ψ0 ` J.
— Substitution principle: If Ψ ` J and Ψ, J ` J 0 then Ψ ` J 0 .
These weakening and substitution principles have an interesting character. In one sense, they
are the last thing we need to consider, as once the logic is fully defined, they are theorems that we
have to prove about the logic as a whole. However, the position of the judgmental methodology is
that such principles are also the first thing that we need to consider. On a philosophical level, this
is because these principles should flow from our understanding of the meaning of the hypothetical
judgment. On a practical level, the weakening and substitution principles are necessary to have on
hand as we work through the two important “sanity checks” on the rules which define the meaning
of a new connective (more on this in a moment).
The meaning of a connective is defined by two sets of rules, the introduction and elimination
rules. In the case of implication A ⊃ B, which we will use as an example, there is one introduction
rule and one elimination rule. Introduction rules establish how we can obtain proof of a judgment
about a certain proposition — they mention the connective in the conclusion.
Ψ, A true ` B true
⊃I
Ψ ` A ⊃ B true
Elimination rules establish how we can use proof of a judgment about that proposition — they
mention the connective in the premise.
Ψ ` A ⊃ B true Ψ ` A true
⊃E
Ψ ` B true
The two sanity checks are usually called local soundness and local completeness. Local soundness ensures that the elimination rules are not too strong relative to the introduction rules (or, conversely, that the introduction rules are not too weak).3 Consider a proof D of the hypothetical
judgment Ψ ` C true where the “last” rule is an elimination rule. In the running example of
implication, this means that the elimination rule is ⊃E and there are two subproofs: one proves
The weakening principle actually generalizes the principle commonly called weakening (if Ψ ` J then Ψ, J 0 ` J)
as well as the principles commonly called exchange (if Ψ, J1 , J2 , Ψ0 ` J then Ψ, J2 , J1 , Ψ0 ` J) and contraction (if
Ψ, J 0 , J 0 ` J then Ψ, J 0 ` J).
3
Note that the fact that we call this property local soundness indicates a bias towards the introduction rules — local
soundness proves that the elimination rules are (locally) sound with respect to the introduction rules, but it also proves
the introduction rules are (locally) complete with respect to the elimination rules! Dummett labeled this bias towards
the introduction rules the verificationist perspective and the opposite bias towards the elimination rules the pragmatist
perspective [4].
2
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Ψ ` A ⊃ C true and the other proves Ψ ` A true. Call these two subproofs D1 and D2 , respectively.
D1
D2
Ψ ` A ⊃ C true Ψ ` A true
⊃E
Ψ ` C true
As the “last” rule was an elimination rule, one of the subproofs must mention the relevant connective (in this case D1 ). Local soundness is the property that, if the “last” rule in that premise is
an introduction rule, then both the introduction rule and the elimination rule are unnecessary —
we can reconstruct a proof of the ultimate conclusion by using the premises of the introduction
rule and any other premises of the elimination rule. In the case of implication, we can get D0 by
applying the substitution principle to the subproofs labeled D2 and D10 below.
D10
Ψ, A true ` C true
D2
⊃I
Ψ ` A true
Ψ ` A ⊃ C true
⊃E
Ψ ` C true

⇒R

D0
Ψ ` C true

Local completeness, on the other hand, ensures that the elimination rules are not too weak
relative to the introduction rules (or, conversely, that the introduction rules are not too strong).
Whereas local soundness has the form of a reduction or simplification, local completeness has
the form of an expansion: we show that, given a proof of the connective, we can obtain enough
evidence by applying elimination rules to re-apply the introduction rule and reconstruct the proof.
In the expansion below, we get D0 by applying the weakening principle to D.
D
Ψ ` A ⊃ B true

2.1

⇒E

D0
hyp
Ψ, A true ` A ⊃ B true Γ, A true ` A true
Ψ, A true ` B true
Ψ ` A ⊃ B true

Intuitionistic Kripke semantics (a.k.a. “Simpson-style” modal logic)

Modal logic is an extension of regular logic that initially sought to deal with concepts like “possibility” and “necessity.” A popular way of understanding and modeling modal logics is through
Kripke semantics, which explain the meaning of possibility and necessity in terms of some set of
worlds and some accessibility relation. An accessibility relation determines whether you can get
from one world from another world. Then, the judgment “A is possibly true at world w” means
that, from w, you can get to some world where A is true, and the judgment “A is necessarily true
at world w” means that, from w, everywhere you can get to is a world where A is true.
The primary contribution of Alex Simpson’s Ph.D. thesis was to show that many intuitionistic
modal logics could be given proof-theoretic treatment that strongly resembles Kripke semantics
by using a structural logic with two judgments. The first judgment is A[w], which expresses that
A is true at a specific “world” w. The other judgment is w ≺ w0 , which expresses that, from
world w, world w0 is accessible. In Simpson’s thesis, worlds are just syntactic things (much like
4
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propositions). One complication is that, in order to talk about the definition of the hypothetical
judgment in Simpson-style modal logic, we must extend the form of the hypothetical judgment to
account for the fact that we have as antecedents not only judgments A[w] and w ≺ w0 , but also
world variables ω.
A general introduction to hypothetical judgments parametrized by variables would lead us too
far astray; Harper has a complete discussion elsewhere [6, Chapter 4]. Specialized to our needs,
the form of the hypothetical judgment is Φ `Σ J, where Σ = ω1 . . . ωk , Φ = J1 , . . . , Jn , and J
along with each of the Ji are either A[w] or w ≺ w0 .
Definition of the hypothetical judgment in Simpson-style modal logic:
— Hypothesis rule: If J ∈ Φ, then Φ `Σ J.
— Weakening principle: If Σ ⊆ Σ0 and Φ ⊆ Φ0 and Φ `Σ J then Φ0 `Σ0 J.
— Variable substitution principle: If Φ `Σ,ω J, then Φ[w/ω] `Σ J[w/ω].
— Substitution principle 1: If Φ `Σ A[w] and Φ, A[w] `Σ J then Φ ` J.
— Substitution principle 2: If Φ `Σ w ≺ w0 and Φ, w ≺ w0 `Σ J then Φ ` J.
The hypothetical judgment is only well-formed if every world variable mentioned in Φ or J
also appears in Σ. This restricts the weakening and variable substitution principles — it isn’t
possible to weaken the hypothetical judgment A[ω1 ] `ω1 C[ω1 ] to A[ω1 ], ω1 ≺ ω3 `ω1 ,ω2 C[ω1 ]
because ω3 6∈ {ω1 , ω2 }, for instance. It is also not possible to use variable substitution to replace
A[ω2 ] `ω1 ,ω2 C[ω2 ] with A[ω3 ] `ω1 C[ω3 ], and for the same reason.
Now we can define the meaning of connectives and reason about their soundness and completeness in the same way as we did before. The rules for implication are nearly unchanged, and the
local soundness and completeness checks behave much as they did before, so we will not repeat
them.
Φ, A[w] `Σ B[w]
⊃I
Φ `Σ A ⊃ B[w]

Φ `Σ A ⊃ B[w] Φ `Σ A[w]
⊃E
Φ `Σ B[w]

The point of this new infrastructure is that it allows us to define new connectives, such as modal
possibility, written ♦A. The intended meaning of ♦A is that it should be true at a given world if
there is some accessible world where A is true.
Φ `Σ w ≺ w0 Φ `Σ A[w0 ]
♦I
Φ `Σ ♦A[w]

Φ `Σ ♦A[w]

Φ, w ≺ ω 00 , A[ω 00 ] `Σ,ω00 C[w0 ]
♦E
Φ `Σ C[w0 ]

The introduction rule just follows our informal definition above: if a world w0 is accessible from a
world w and A is true at w0 , then ♦A is true at w. The elimination rule is slightly more complicated.
If ♦A is true at w and we are trying to prove C at some (potentially different) world w0 , then it
suffices to prove C[w0 ] under the additional assumption that A is true at ω 00 , where ω 00 is a newly
introduced world variable that represents an arbitrary world accessible from w.
Local soundness for modal possibility is straightforward, though it uses all three substitution
principles: from D3 , variable substitution gives us Φ, w1 ≺ w2 , A[w2 ] `Σ C[w3 ]. Then, from the
first substitution principle along with D20 (which is D2 after the weakening principle is used to add
5
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the premise w1 ≺ w2 ), we get Φ, w1 ≺ w2 `Σ C[w3 ]. Finally, the second substitution principle
along with D1 gives us D0 , a proof of Φ `Σ C[w3 ].
D2
D1
Φ `Σ w1 ≺ w2 Φ `Σ A[w2 ]
D3
♦I
Φ `Σ ♦A[w1 ]
Φ, w1 ≺ ω, A[ω] `Σ,ω C[w3 ]
♦E
Φ `Σ C[w3 ]

⇒R

D0
Φ ` C[w3 ]

Local completeness for modal possibility is straightforward: the two new pieces of information
provided by the ♦E rule are precisely what we need to apply the ♦I rule.
D
⇒E
Φ ` ♦A[w]
hyp
hyp
Φ, w ≺ ω 0 , A[ω 0 ] `Σ,ω0 w ≺ ω 0
Φ, w ≺ ω 0 , A[ω 0 ] `Σ,ω0 A[ω 0 ]
D
♦I
Φ ` ♦A[w]
Φ, w ≺ ω 0 , A[ω 0 ] `Σ,ω0 ♦A[w]
♦E
Φ ` ♦A[w]

2.2

Reflection over the accessibility relation

Consider a very simple accessibility relation: there are two worlds α and β, and from α, β is
accessible (again, we write this α ≺ β). Then assume that ♦A is true at α and that A ⊃ B is true
at β. Should we be able to conclude that B is true at β?
We can represent rephrase this question by asking whether the following judgment has a proof:
α ≺ β, ♦A[α], A ⊃ B[β] `α,β B[β]
At the level of a word problem, this seems plausible: ♦A is true at α, meaning that A is true at
some world accessible from α. As β is the only world accessible from α, you could argue that this
means A must be true at β, at which point the rest follows by implication elimination:
hyp
hyp
. . . , A[β], A ⊃ B[β] `α,β A ⊃ B[β]
. . . , A[β], A ⊃ B[β] `α,β A[β]
⊃E
. . . , A[β], A ⊃ B[β] `α,β B[β]
This reasoning, however, is inconsistent with the principles of the logic. If we can prove the
judgment α ≺ β, ♦A[α], A ⊃ B[β] `α,β B[β], the weakening principle says that we must also
be able to prove the judgment α ≺ β, α ≺ γ, ♦A[α], A ⊃ B[β] `α,β,γ B[β]. By weakening the
previous hypothetical judgment, there are are now two worlds accessible from α, both β and γ.
This no longer seems like a hypothetical judgment that should have a proof, as it might be the case
that A was true at γ but not at β. In other words, we should hope that the Simpson-style modal
logic doesn’t allow us to prove this sequent4 — if it does that would indicate a problem with the
weakening principle we started with!
4

It doesn’t.
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Modal logic with a pre-defined accessibility relation

One of the reasons that we formalize logic in the first case is to capture and formalize patterns of
natural reasoning. Perhaps we want to be able to formalize the informal reasoning above. It is
immediately clear that any logic that captures this argument will have different defining principles
that differ from the defining principles of Simpson-style logic. In particular, the weakening principle cannot apply in the same way to judgments about accessibility — if we add new worlds or new
connections in the accessibility relation, previously provable judgments may become unprovable.
The way we will deal with this is by completely separating reasoning about accessibility and
reasoning about truth-at-a-given-world; we will just assume that there is some preexisting set of
worlds w and some preexisting accessibility judgment w ≺ w0 that the logic inherits. The simple
accessibility relation that only has α ≺ β is one possible accessibility relation, and another is
represented by the following diagram, where the arrow from α to β indicates that α ≺ β:
β

ω

γ

α

Another accessibility relation might have two worlds and a complete accessibility relation (α ≺ β,
α ≺ α, β ≺ α, β ≺ β), and others might have an infinite number of worlds. For instance, the
“count-up” accessibility relation has countably infinite worlds arranged like this:
ω0

ω1

ω2

...

ω3

The “count-down” accessibility relation has countably infinite worlds arranged like this:
...

ω3

ω2

ω1

ω0

Yet another possibility is this “infinite options” accessibility relation, where α has countably infinite successors and ω countably infinite predecessors:
α
..
.

β0
β1
β2
..
.

ω
..
.

Whatever accessibility relation we use, judgments about accessibility no longer need to appear
in the hypothetical judgment, so we can once again define a structural logic. Specializing the
original definition to our current logic, we let Γ = A1 [w1 ], . . . , An [wn ].
Definition of the hypothetical judgment a modal logic with a predefined accessibility relation:
— Hypothesis rule: If Ai [wi ] ∈ Γ, then Γ ` Ai [wi ].
— Weakening principle: If Γ ⊆ Γ0 and Γ ` A[w] then Γ0 ` A[w].
— Substitution principle: If Γ ` A[w] and Γ, A[w] ` C[w0 ] then Γ ` C[w0 ].

7
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Higher-order formulations of rules

Having set out the principles of the logic, we can talk about connectives. As we will see, this
requires us to introduce a significant new idea, rules with premises that are “higher-order.” Nonmodal connectives (like implication) can be preserved from the Simpson-style modal logic, but the
modal operators will, unsurprisingly, need to change. A reasonable introduction rule for modal
possibility ♦A looks much like it did before, but now the first premise w ≺ w0 just refers to the
predefined accessibility relation:
w ≺ w0 Γ ` A[w0 ]
♦I
Γ ` ♦A[w]
The elimination rules make things a bit more complicated. Say we’re dealing with this accessibility relation:
β

γ

α

ω

In a sense, we want our elimination rules to be specific to the world. If we have a proof of ♦A[α],
we know that at one of the two worlds accessible from α (namely β and ω), A must be true.
Therefore, if we can prove C[w0 ] assuming A[β], and if we can prove C[w0 ] assuming A[ω], then
C is true at w0 . This is captured by the following elimination rule:
Γ ` ♦A[α]

Γ, A[β] ` C[w0 ]
Γ ` C[w0 ]

Γ, A[ω] ` C[w0 ]

♦Eα

Following this strategy, we need an elimination rule for proofs of ♦A at each of the other worlds:
Γ ` ♦A[β] Γ, A[ω] ` C[w0 ]
♦Eβ
Γ ` C[w0 ]

Γ ` ♦A[γ] Γ, A[ω] ` C[w0 ]
♦Eγ
Γ ` C[w0 ]

Γ ` ♦A[ω]
♦Eω
Γ ` C[w0 ]

For a logic defined under the accessibility relation above, the introduction rule ♦I and the four
elimination rules ♦Eα , ♦Eβ , ♦Eγ , and ♦Eω are, in fact, locally sound and complete. However, it
should be obvious that this is not a feasible or scalable way to put together a logic; for instance,
we’d need to have an infinite number of rules to handle accessibility relations with an infinite
number of objects! (Performing an infinite number of checks for local soundness and completeness
is nobody’s idea of a good time.)
However, the elimination rules that we wrote for ♦E can be generically represented using a
higher-order formulation. The higher-order formulation of the ♦E rule looks like this:
Γ ` ♦A[w] ∀w0 . w ≺ w0 ⇒ Γ, A[w0 ] ` C[w]
♦E
Γ ` C[w]
The second premise quantifies over all worlds w0 such that w ≺ w0 and demands that a proof of
Γ, A[w0 ] ` C[w] be given for each such w0 . We refer to this higher-order formulation as reflection
8
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over proofs of another judgment — in this case, we are reflecting over the definition of the accessibility relation. Higher-order formulations are only permissible when we can give a complete
definition of the judgment we’re reflecting over before we discuss the judgment that uses reflection.
In this case, we have already established that we can give a complete definition of the judgment
w ≺ w0 before we say anything about proofs of Γ ` A[w], so the higher-order formulation is
permissible.
If we so desire, we can imagine that the second premise of ♦E just takes a given accessibility
relation and “macro expands” into as many rules as there are worlds in the accessibility relation.
In some cases (the “infinite options” accessibility relation is an example), this means that some
rules have an infinite number of premises. In the experience of these authors, that is a difficult
concept to wrap one’s head around, and it means that even establishing simple properties like local
soundness and completeness involve dealing with infinite objects in a way that can be delicate at
best. However, it’s also not necessary: we can instead treat the arrow “⇒” as “implies” in the sense
of “I have to write down a proof of this.” We will give an example to show what this means.
2.2.3

Example

In this example, we will use the rules defined above and the four-world accessibility relation given
in the previous section. Let Γ0 = ♦A[α], A ⊃ C[β], A ⊃ B[ω], A ⊃ C[ω]; we will prove that
Γ0 ` ♦C[α]. First, we prove the following theorem:
Theorem 1. For all w0 , if α ≺ w0 , then Γ0 , A[w0 ] ` ♦C[α]
Proof. By case analysis on the accessibility relation, either w0 = β or w0 = ω. If w0 = β, we have
the following proof:
hyp
hyp
Γ0 , A[β] ` A ⊃ C[β]
Γ0 , A[β] ` A[β]
⊃E
axiom
α≺β
Γ0 , A[β] ` C[β]
♦I
Γ0 , A[β] ` ♦C[α]
If w0 = ω, we have the following proof:

α ≺ ω axiom

hyp
hyp
Γ0 , A[β] ` A ⊃ B[ω]
Γ0 , A[β] ` A[ω]
hyp
⊃E
Γ0 , A[β] ` B ⊃ C[ω]
Γ0 , A[β] ` B[ω]
⊃E
Γ0 , A[ω] ` C[ω]
♦I
Γ0 , A[ω] ` ♦C[α]

This completes the case analysis, and hence the proof.
Having proved this theorem, we can complete the proof that Γ0 ` ♦C[α]:
Γ0 ` ♦A[α]

hyp

Theorem 1
∀w . α ≺ w0 ⇒ Γ0 , A[w0 ] ` ♦C[α]
♦E
Γ0 ` ♦C[α]
0

9
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The most significant thing to notice here is that proofs aren’t simple tree-like structures anymore;
the second premise of ♦E in the proof tree above is satisfied not by another proof tree but by a
theorem. This particular way of understanding higher-order formulations of judgments is not particularly new; our use of it follows Noam Zeilberger’s. To slightly misquote Zeilberger’s “Focusing
and Higher-Order Abstract Syntax,”
“We hope to make the case that this higher-order formulation should be taken at face
value — interpreted constructively, it demands a mapping from proofs of w ≺ w0 to
proofs of Γ, A[w0 ] ` C[w]” (see [19, p. 361] for the original quote).
This is exactly the point that the example above tries to draw out: the way we prove that there is
a mapping from proofs of the judgment w ≺ w0 to proofs of the judgment Γ, A[w0 ] ` C[w] is to,
well, prove the statement “for all w0 , if w ≺ w0 then Γ, A[w0 ] ` C[w].” However, because we get to
prove this statement using all the familiar machinery of whatever logic we use to prove theorems,
our notion of “proof” has gone from a fairly innocent set of trees to something much more complex.
This is what we were foreshadowing in the introduction when we said “the metalogic is interwoven
with the proof theory.” Luckily, the foundation for this kind of system can be found in Martin Löf’s
theory of iterated inductive definitions [8], and these sorts of logical systems can be represented
and reasoned about straightforwardly in logical frameworks like Agda. In fact, we would claim
that some of the proofs in this paper can be expressed in Agda more naturally (and certainly more
concisely) than they can be expressed on paper.

2.3

Reflection over provability

Dos̆en: “not A holds at w if and only if A doesn’t hold at any world accessible from w”[3]
∀w0 . w ≺ w0 ⇒ ¬(Γ ` A[w0 ])
6 I
Γ ` 6 A[w]

3

Natural deduction
Γ, A[w] ` A[w]

hyp

w ≺ w0 Γ ` A[w0 ]
♦I
Γ ` ♦A[w]

∀w0 . w ≺ w0 ⇒ Γ ` A[w0 ]
I
Γ ` A[w]

Γ, A[w] ` B[w]
⊃I
Γ ` A ⊃ B[w]

Γ ` A ⊃ B[w] Γ ` A[w]
⊃E
Γ ` B[w]

Γ ` ♦A[w] ∀w0 . w ≺ w0 ⇒ Γ ` A[w0 ] ⇒ Γ ` C[w]
♦E
Γ ` C[w]

Γ ` A[w]

(∀w0 . w ≺ w0 ⇒ Γ ` A[w0 ]) ⇒ Γ ` C[w]
E
Γ ` C[w]
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w ≺ w0 ¬(Γ ` A[w0 ])
6 ♦I
Γ ` ♦A[w]

Γ ` 6 ♦A[w] ∀w0 . w ≺ w0 ⇒ ¬(Γ ` A[w0 ]) ⇒ Γ ` C[w]
6 ♦E
Γ ` C[w]

∀w0 . w ≺ w0 ⇒ ¬(Γ ` A[w0 ])
6 I
Γ `6 A[w]

Γ ` ¬A[w]

(∀w0 . w ≺ w0 ⇒ ¬(Γ ` A[w0 ])) ⇒ Γ ` C[w]
¬E
Γ ` C[w]

Theorem 2 (Substitution).

4

Sequent calculus

Theorem 3 (Cut admissibility).
Theorem 4 (Identity).
Theorem 5 (Equivalence of sequent calculus and natural deduction).

5

Equivalence of sequent calculus and natural deduction

6

Axioms

7

Conclusion
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